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ﬂ Introduction
@ QCD and the constituent quark model
@ Beyond the constituent quark model

@ How to measure meson spectra?
@ Meson production in diffractive dissociation
@ Partial-wave analysis method

Q Selected results
@ Partial-wave decomposition of the (377)~ final state

@ Resonance extraction in the 7w~ 7w* 71~ system

e Conclusions and outlook
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@ QCD and the constituent quark model
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Hadrons and the Theory of Strong Interaction

@ Hadrons are made out of quarks and gluons

@ Quantum chromodynamics (QCD) describes interaction of quark
and gluon fields

o Non-abelian gauge theory: gluons carry charge and self-interact
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Hadrons and the Theory of Strong Interaction

@ Hadrons are made out of quarks and gluons

@ Quantum chromodynamics (QCD) describes interaction of quark
and gluon fields

o Non-abelian gauge theory: gluons carry charge and self-interact

V.

Phenomenon of confinement

@ Quarks and gluons do not exist outside of hadrons

@ Only composites reach detector
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Hadrons and the Theory of Strong Interaction

Confinement still not understood

@ One of 10 physics problems for the next millennium
“Can we quantitatively understand quark and gluon confinement in
Quantum Chromodynamics and the existence of a mass gap?”
Strings 2000, Int. J. Mod. Phys. A16 (2001) 1012

@ One of seven $1 000000 Millenium Prize Problems
“Yang-Mills existence and mass gap” Clay Mathematics Institute
@ Closely related to hadron masses

e Only =~ 2% of proton mass explained by Higgs mechanism
@ 98% generated dynamically
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Hadrons and the Theory of Strong Interaction

Confinement still not understood

@ One of 10 physics problems for the next millennium
“Can we quantitatively understand quark and gluon confinement in
Quantum Chromodynamics and the existence of a mass gap?”
Strings 2000, Int. J. Mod. Phys. A16 (2001) 1012

@ One of seven $1 000000 Millenium Prize Problems
“Yang-Mills existence and mass gap” Clay Mathematics Institute
@ Closely related to hadron masses

e Only =~ 2% of proton mass explained by Higgs mechanism
@ 98% generated dynamically

v

Hadrons reflect workings of QCD at low energies

Measurement of hadron spectra and hadron decays gives valuable
input to theory and phenomenology

\
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Mesons in the Constituent Quark Model (CQM)

@ Color-singlet |qq’) states, grouped into SU(N)g,yor multiplets I
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Mesons in the Constituent Quark Model (CQM)

@ Color-singlet |qq’) states, grouped into SU(N)g,yor multiplets

Spin-parity rules for bound g4 system

@ Quark spins couple to total intrinsic spin .
S=0orl 1 * L 2 *
@ Relative orbital angular Momentum L
and total spin S couple to
meson spin | = L + S

V.
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Mesons in the Constituent Quark Model (CQM)

@ Color-singlet |qq’) states, grouped into SU(N)g,yor multiplets

Spin-parity rules for bound g4 system

@ Quark spins couple to total intrinsic spin

S=0orl 41* L _,2$

@ Relative orbital angular Momentum L
and total spin S couple to
meson spin | = L + S

@ Parity P = (—1)tHt
@ Charge conjugation C = (—1)"*%
@ Forbidden JPC:0-—,0t—,1-*,2%—,3°+, ...
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Mesons in the Constituent Quark Model (CQM)

@ Color-singlet |qq’) states, grouped into SU(N)g,yor multiplets

Spin-parity rules for bound g4 system

@ Quark spins couple to total intrinsic spin .
S=0orl §1 * L §2 *

Relative orbital angular Momentum L

and total spin S couple to

meson spin | = L + S

Parity P = (—1)t+?
Charge conjugation C = (-1
Forbidden JP€: 0, 0", 1+, 2,3, ...
Extension to charged mesons via G parity: G = C (—1)!

)LJrS

o [ isospin of meson
o Convention: assign J”C quantum numbers of neutral partner state

V.
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Quark-Model SU(3)fiavor Meson Nonets

Light-quark mesons
@ u,d, and s quarks = SU(3)gayor NONEtS
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Light-quark mesons
@ u,d, and s quarks = SU(3)gayor NONEtS
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Constituent Quark Model

Light-quark Meson Spectrum
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Constituent Quark Model

Light-quark Meson Spectrum
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a3(1700) || ay(1640) £3(1690)
K2*(1980) K'3(1780) || K(1820)
£(2010) ©3(1670)
i 1095 4al1350 «
. Light-meson
n(1760) 7p(1670) p(1700)

2 K (1770) K*(1680) . . .
T — ot || 00650 @ Many missing and disputed
350=0 =t n2(1870) . .

I — states in mass region
=2" D, =1
3.t 3p ot 172 121 2
p,=2 Py =1
P2 i1 m =~ 2 GeV/c
(1320 |{ aq(1260) 2541 PC
Kp'(1430) || K1a "Ll =
7(1300) p(1450) 1(1270) £1(1285)
7| | e K*(1410) f/(1525) 1(1420)
(Lz25) (1420) - n
n(1440) $(1680) a(1450) by (1235)
Ko*(1430) || Kqp,
1o _o~t 3g5.=1"" |fo(1370 hq(1170)
S =0 s,=1 0 1
20 271 fp(1710) hy(1380)
3. _ 14—
- ) 1P =0 121
0 S K'(892)
! ©(782) L
L 6(1020) ~
1 -+ 35 =
1S0=0 35,71 L
0 1 2

Amsler et al., Phys. Rept. 389 (2004) 61

COMEASS
Boris Grub: 4

Hadron Spectroscopy at /




Constituent Quark Model

Light-quark Meson Spectrum

v=n+L-1
32" 3pp1™t 3py-37 dp2
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Beyond the Constituent Quark Model

QCD: Gluonic field should manifest itself in hadron spectra J
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Beyond the Constituent Quark Model

QCD: Gluonic field should manifest itself in hadron spectra J

Hybrids |g4¢)

@ Resonances with excited gluonic fields
@ Glue component contributes to quantum numbers
o All JPC allowed

Boris Grube, TU Miinchen Hadron Spectroscopy at



Beyond the Constituent Quark Model

QCD: Gluonic field should manifest itself in hadron spectra J

Hybrids |g4¢)

@ Resonances with excited gluonic fields

@ Glue component contributes to quantum numbers
o All JPC allowed
o Lightest predicted hybrid: spin-exotic ¢ = 1+
o Mass 1.3...2.2 GeV/c?
o Experimental candidates 77, (1400) and 77, (1600) controversial
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Beyond the Constituent Quark Model

QCD: Gluonic field should manifest itself in hadron spectra J

Hybrids |g4¢)

@ Resonances with excited gluonic fields

@ Glue component contributes to quantum numbers
o All JPC allowed
o Lightest predicted hybrid: spin-exotic J*¢ =1~
o Mass 1.3...2.2 GeV/c?
o Experimental candidates 77, (1400) and 77, (1600) controversial

4

Glueballs |¢g)

@ Bound states with no valence quarks

4
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Beyond the Constituent Quark Model

QCD: Gluonic field should manifest itself in hadron spectra J

Hybrids |94¢)
@ Resonances with excited gluonic fields

@ Glue component contributes to quantum numbers
o All JPC allowed
o Lightest predicted hybrid: spin-exotic J*¢ =1~
o Mass 1.3...2.2 GeV/c?
o Experimental candidates 77, (1400) and 77, (1600) controversial

4

Glueballs |¢g)

@ Bound states with no valence quarks
o Lightest predicted glueball: ordinary ¢ = 0"

o Will strongly mix with nearby conventional J’¢ = 0+ states
o Mass 15...2.0 GeV/c?
o Experimental candidate f,(1500); glueball interpretation disputed

4
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Beyond the Constituent Quark Model

QCD in the confinement regime: a; = O(1)

@ QCD Lagrangian not calculable using perturbation theory
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Beyond the Constituent Quark Model

QCD in the confinement regime: a; = O(1)

@ QCD Lagrangian not calculable using perturbation theory

Frist-principles numerical method: Lattice QCD

@ Simulation of QCD on finite discreet space-time
lattice using Monte Carlo techniques

@ Challenge: extrapolation to physical point
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Beyond the Constituent Quark Model

QCD in the confinement regime: a; = O(1)

@ QCD Lagrangian not calculable using perturbation theory

Frist-principles numerical method: Lattice QCD

@ Simulation of QCD on finite discreet space-time
lattice using Monte Carlo techniques

@ Challenge: extrapolation to physical point

o Heavier u and d quarks than in reality
—> extrapolation to physical quark masses

o Extrapolation to infinite volume L — oo
o Extrapolation to zero lattice spacing a — 0

@ Rotational symmetry broken due to cubic lattice
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Beyond the Constituent Quark Model

QCD in the confinement regime: a; = O(1)

@ QCD Lagrangian not calculable using perturbation theory

Frist-principles numerical method: Lattice QCD

@ Simulation of QCD on finite discreet space-time
lattice using Monte Carlo techniques

@ Challenge: extrapolation to physical point

o Heavier u and d quarks than in reality
—> extrapolation to physical quark masses

o Extrapolation to infinite volume L — oo
o Extrapolation to zero lattice spacing a — 0

@ Rotational symmetry broken due to cubic lattice

@ Tremendous progress in past years
o Finer lattices: spin-identified spectra
o Larger operator bases: many excited states
@ Access to gluonic content of calculated states

o
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Light-Meson Spectrum in Lattice QCD

State-of-the-art I = 1 spectrum Dudek et al., arXiv:1309.2608
P=— P=+1 Exotics
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http://arxiv.org/abs/1309.2608

Light-Meson Spectrum in Lattice QCD

State-of-the-art I = 1 spectrum Dudek et al., arXiv:1309.2608

P=— 1G P=+1 Exotics
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@ Near-degeneracy patterns: 7 super-multiplets J
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Light-Meson Spectrum in Lattice QCD

State-of-the-art I = 1 spectrum Dudek et al., arXiv:1309.2608

P=-— P=+1 Exotics
-
215 L —
L -
- o+ =
2.0 - -
2 -
v
Q
~
= 11535
1.0
my ~ 391 MeV
05 243 x 128
(~3fm)?

@ Some states with ordinary J”C do not fit into g4 super-multiplets J
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Light-Meson Spectrum in Lattice QCD

State-of-the-art I = 1 spectrum Dudek et al., arXiv:1309.2608

=-1 P=+1 Exotics
215
@
@ i
2.0 @[))*Jr - @17+
o
Q
=
= 11535
1.0
my ~ 391 MeV
05 243 x 128
(~3fm)?

@ Lightest hybrid meson super-multiplet with J°¢ = 17~ gluonic
excitation

@ Resonance widths and decay modes still very difficult
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Beyond the Constituent Quark Model

Finding states beyond the CQM is difficult

@ Physical mesons = linear superpositions of all
allowed basis states: |44), |942), |$8), |14%5%), - .-
o Amplitudes determined by QCD interactions

<«
|9q)
Jr —_
"o l9g8)
o 18%)
U 22
o—o+o—o lg=q7)

13 Boris Grube, TU Miinchen
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Beyond the Constituent Quark Model

@ Physical mesons = linear superpositions of all ~ @®
allowed basis states: |44), |942), |$8), |14%5%), - .-
o Amplitudes determined by QCD interactions

|99)
@ Classification in quarkonia, hybrids, glueballs, =~ @\® 948)

tetraquarks, molecules, etc. assumes dominance +
. o g8
of one basis state T
o In general “configuration mixing” —0 -0 |q2é2>

e Disentanglement of contributions difficult +

COMEASS
13 Boris Grube, TU Miinchen Hadron Spectroscopy at 7



Beyond the Constituent Quark Model

Finding states beyond the CQM is difficult

@ Physical mesons = linear superpositions of all ~ @®
allowed basis states: |44), |942), |$8), |14%5%), - .- = _
e Amplitudes determined by QCD interactions .J_r. 199)
@ Classification in quarkonia, hybrids, glueballs, =~ @\® 1948)
tetraquarks, molecules, etc. assumes dominance +
e oS g
of one basis state +
o In general “configuration mixing” —0 -0 |q2572>
e Disentanglement of contributions difficult +

Special case: “exotic” mesons

@ Have quantum numbers forbidden for |g7)
e Discovery = unambiguous proof for meson states beyond CQM

@ Especially attractive:
“spin-exotic” states with JP¢ =0=—,0%t—, 1=+, 27—, 3°F, ...

V.
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QCD and Constituent Quark Model
Summary

@ “Light meson frontier”

@ Many missing and disputed excited states in mass region
m ~ 2 GeV/c?
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QCD and Constituent Quark Model

Summary

@ “Light meson frontier”
@ Many missing and disputed excited states in mass region
m ~ 2 GeV/c?
@ QCD predicts states beyond COM
@ Much richer hadron spectrum: exotic or supernumerous states

@ Mixing with conventional |¢7') states of same JFC
@ Existence not yet proven
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QCD and Constituent Quark Model
Summary

@ “Light meson frontier”
@ Many missing and disputed excited states in mass region
m ~ 2 GeV/c?
@ QCD predicts states beyond COM
@ Much richer hadron spectrum: exotic or supernumerous states

@ Mixing with conventional |¢7') states of same JFC

@ Existence not yet proven
v

COMPASS

@ Explores light-quark meson spectrum in region m > 2 GeV/c?
@ Searches for states that do not fit into CQM scheme

© Precision measurement of properties of known resonances
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@ How to measure meson spectra?
@ Meson production in diffractive dissociation
@ Partial-wave analysis method
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The COMPASS Experiment at the CERN SPS

Experimental Setup NIM A 577, 455 (2007)

Fixed-target experiment

@ Two-stage spectrometer

@ Large acceptance over wide
kinematic range

@ Electromagnetic and hadronic
calorimeters

@ Beam and final-state particle ID
(CEDARSs, RICH)
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The COMPASS Experiment at the CERN SPS

Experimental Setup NIM A 577, 455 (2007)

Fixed-target experiment

@ Two-stage spectrometer

@ Large acceptance over wide
kinematic range

@ Electromagnetic and hadronic
calorimeters

@ Beam and final-state particle ID
(CEDARs, RICH)

Hadron spectroscopy 2008-09, 2012

RPD + Target @ 190 GeV/c secondary hadron beams
@ h™ beam:97 % 7w ,2% K ,1%p

e h™ beam: 75 % p,24% 1tt,1 % K+
/Beam @ Various targets: /Hp, Ni, Pb, W

@ > 1 PByte of data per year
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Meson Production in Diffractive Dissociation

Example: m~ p — 7T 7T 7T Precoil

7T, s
beam o
-
P
Ptarget Precoil

@ Soft scattering of beam particle off target via strong interaction

@ Production of n forward-going hadrons (here n = 3)
o Target particle stays intact

@ All final-state particles are measured

COMEASS
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Meson Production in Diffractive Dissociation

Example: m~ p — 7T 7T 7T Precoil

mp o o

p (COMPASS 2008)

T -
beam i
7t*
P
ptarget Precoil
x10°
3
@ Exclusive measurement § o5
@ Precoil measured by RPD S
5 04
H ®
s
Z os3f
E L
E |
Z |
0.Zj
01k

5 "m0 185

190 195 200 205

Calculated Beam Energy (GeV)
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Meson Production in Diffractive Dissociation

Example: m~ p — 7T 7T 7T Precoil

Tlheam

Ptarget Precoil

7p — 7 p (COMPASS 2008)

o
<

@ Exclusive measurement
@ Precoil measured by RPD

@ Squared four-momentum transfer
region 0.1 < ' < 1.0 (GeV/c)?

.
<

Number of Events (3.33 [10~° GeV¥c?)

=
=3

0 02 04 06 08

1

12

Squared Four-Momentum Transfer t' (GeV?/c?)
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Meson Production in Diffractive Dissociation

Example: m~ p — 7T 7T 7T Precoil

Tlheam

Ptarget Precoil
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Meson Production in Diffractive Dissociation

Example: m~ p — 7T 7T 7T Precoil

Ptarget Precoil

@ Beam particle gets excited into
intermediate resonance X

@ X decays (dissociates) into n-body
final state (here n = 3)
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Meson Production in Diffractive Dissociation

Example: m~ p — 7T 7T 7T Precoil

Ptarget Precoil
o x10° 7p = " atx” p (COMPASS 2008)
L C
. . . > r a,(132
@ Beam particle gets excited into 2035 (1320)
intermediate resonance X 2 oA
;:2 03 a,(1260)
@ X decays (dissociates) into n-body 2025t
5 3 [
final state (here n = 3) % 02
=} e
. . . £ L
@ Rich spectrum of intermediate 2 oist 7,(1670)
states X g
2 0.1
0.05|
b Lol N PN P PN P P
06 08 1 12 14 16 1.8 2 22 24
Mass of #~w*z~ System (GeV/c?)
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Meson Production in Diffractive Dissociation

Diffractive dissociation

@ Many different intermediate states X decaying into same final
state

@ Intermediate states interfere
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Meson Production in Diffractive Dissociation

Diffractive dissociation

@ Many different intermediate states X decaying into same final
state

@ Intermediate states interfere

Goal: find all resonances
@ Determine their mass, width, and quantum numbers
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Meson Production in Diffractive Dissociation

Diffractive dissociation

@ Many different intermediate states X decaying into same final
state

@ Intermediate states interfere

Goal: find all resonances
@ Determine their mass, width, and quantum numbers

Method: partial-wave analysis (PWA)

@ Uses full kinematic information in events

@ Amplitude analysis: exploits interference of intermediate states

o Additional phase information
o Greatly helps to disentangle states

COMEASS
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The Power of Phase Information

...or: From Bump Hunting to Amplitude Analysis

Analogy: phase-contrast imaging M. Bech et al., Sci. Rep. 3 (2013) 3209

X-ray attenuation image

v
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The Power of Phase Information

..or: From Bump Hunting to Amplitude Analysis

Analogy: phase-contrast imaging M. Bech et al., Sci. Rep. 3 (2013) 3209

X-ray attenuation image X-ray phase-contrast image

v .
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The Power of Phase Information

...or: From Bump Hunting to Amplitude Analysis

Analogy: phase-contrast imaging M. Bech et al., Sci. Rep. 3

X-ray attenuation image X-ray phase-contrast image

R 7\

¢

“

mplitude Analysis”

“Bump hunting”

v .
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The Power of Phase Information

...or: From Bump Hunting to Amplitude Analysis

Example: amplitude of a single narrow relativistic Breit-Wigner resonance

Im(T)

L L
1.6 1.8 -06 -04 -0.2 0 02 04 06 0.8 1 1.2 1.4 1.6 12.8
m [GeV/c] Re(T) m [GeV/c]

Peters, arxiv:hep-ph/0412069

@ Resonance lies on unitarity circle
o Elastic case

@ “Phase motion”: J rises from 0 to 7 and is 7t/2 at peak position

e Analogous to mechanical oscillator
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Partial-Wave Analysis: 7w~ 7" 7t~ Final State

nt:eam X~ / g;
=y

7T
P
Ptarget /\ Precoil
_ x10° ap = aa*a p (COMPASS 2008)
& 1,(1320)
2 035F 3
S 030 4,(1260)
2 02sf
s
5 02F
g
£ 1670
Z .15 (1670)

06 08 1 12 14 16 1.8 2 22 24
Mass of 7 7 System (GeV/c?)

COMEASS
Hadron Spectroscopy at 7 _‘

23 Boris Grube, TU Miinchen




Partial-Wave Analysis: 7w~ 7" 7t~ Final State

nl:eam X~ / g;
=y

e
P
Ptarget /\ Precoil
x10° p = 7wt p (COMPASS 2008) 18 7p = 7*a p (COMPASS 20028)
~ ~ 18p
) . 2 E m,_ — 1318 MeV/c? |< 100 MeV/c
g - T adm |
s 0.35- 8 e
°c £ -
> 03fF 2 L
z a,(1260) o
5 r
& 025F 2 f
B Ty O
5 02F & oF
g s E
,(1670 s r
Z o1sF 2(1670) & ol
£
015 =
0.05 F
- [ T A T
(bt L 0 02 04 06 08 1 12 14 16 18
06 08 1 12 14 16 1.8 2 22 24 - 2
Mass of 7"~ System (GeV/c?) m2, - of w*a” Subsystem (GeV7/c?)
X~ does not decay directly into 7t~ 7t* 71~ J
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Partial-Wave Analysis: 7w~ 7" 7t~ Final State

x10°

nbeam

X~

P

Ptarget / \ Precoil

ap — x x*a p (COMPASS 2008)

=}

W

3
T

=]
1
T

a,(1260)

o

I3

G
T

=3
1)
T

Number of Events / (5 MeV/c?)

e
7
T

o

o
o
S

=)

1,(1320)

71,(1670)

_of *x~ Subsystem (GeV/c)

2
f2s

m:

3

ap = 7 wtx” p (COMPASS 2008)

|m;, - 1672 MeV/c? |< 100 MeV/c®

06 08 1 12 14 1.6 1.8 2 22 24 0 25 X 3
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Partial-Wave Analysis: 7w~ 7" 7t~ Final State

nt:eam X~ / T
=y
P

Ptarget / \ Precoil

_ x10°® xp — a x*x p (COMPASS 2008) _ x10° ap = aa*a” p (COMPASS 2008)
T g f
i) = [ 770
Zosst a,(1320) % 1k p(770)
° v r
Z 030 a,(1260) 7 IF
5 E [
> [ = L
g 0.25 ;_: osf
S S
3 o02F =T
E s 71,(1670) 0.6r
ol £,(980)
% ; £,(1270)
s 0.2~
0.05 r 03(1690)
0 ) S E i
06 08 1 12 14 16 18 2 22 24 0.5 ! 15 2 25
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Partial-Wave Analysis: 7w~ 7" 7t~ Final State

nt:eam X~ / g;
=y
P

Ptarget / \ Precoil
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Partial-Wave Analysis: 7w~ 7" 7t~ Final State

- Bachelor
Theam ~a___ X — i
P Isobar Zi

ptarget / \ Precoil

COMEASS
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Partial-Wave Analysis: 7w~ 7" 7t~ Final State

= B Bachelor
beam Ta____ X -
7-L-+
P Isobar i
Ptarget /\ Precoil
. x10° 7p = x ' p (COMPASS 2008)
e B
@ X~ decays via intermediate 77" 77 ; j:
resonance = “isobar” £ 1;
o [m7]s wave ]PC =0t+ UE 0.8
o p(770) 1-- e f
° £,(9580) o
° £,(1270) 2+ 0.4F $o380)
° f,(1500) 0t+ £,(1270)
o 03(1690) 3-- ] 02 03(1690)
0 P I 1 T

0.5 1 1.5 2 2.5
Mass of +~ Subsystem (GeV/c?)
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Partial-Wave Analysis: 7w~ 7" 7t~ Final State

- . Bachelor
Theam T UPCM ] Vo

/
I b%: Tt
P sobar o

ptarget / \ Precoil

Isobar model

@ Isobar has spin S and relative orbital angular momentum L w.r.t.
bachelor 77~

e Land S couple to spin | of X~
@ “Wave” = unique combination of isobar and quantum numbers
@ Notation: JFC M€ isobar 1L

v

COMEASS
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Partial-Wave Analysis: 7w~ 7" 7t~ Final State

- . Bachelor
Theam ~~—m___ UPCM ] o

b%: Tt
Isobar
P s

ptarget / \ Precoil

Isobar model

@ Isobar has spin S and relative orbital angular momentum L w.r.t.
bachelor 77~

e Land S couple to spin | of X~
@ “Wave” = unique combination of isobar and quantum numbers
@ Notation: JFC M€ isobar 1L
@ 3-body kinematics fixed by mx plus 5 phase space variables T

@ Decay amplitude Ayave (1, T)

@ Describes T distribution for given wave = Calculable!

Boris Grube, TU Miinchen Hadron Spectroscopy at &



Partial-Wave Analysis: 7w~ 7" 7t~ Final State

Example: angular distribution for 2= 17 £,(1270) 7D wave

Resonance decay Isobar decay
X~ (271) = £,(1270) £,(1270) — 7th

_o. -0.5
61 05 cos gy ¢ 61 cos 0y,
Dzierba et al., PR D73 (2006) 072001

@ 2D projections of a genuine 5D distribution (mx = const.)

e f,and 7i~ in relative D-wave
o f»(1270): J° =27 = 7t in relative D-wave

Boris Grube, TU Miinchen Hadron Spectroscopy at



Partial-Wave Analysis: 7w~ 7" 7t~ Final State

Bachelor

Tlheam T UPCMS] /[L]r/ Vo
P Isob& 4l
s

ptarget / \ Precoil

Isobar model

@ Ansatz: Production of X is independent of its decay
e Production described by amplitudes Twave (7x)

@ Strength and relative phase of partial wave

o Total amplitude of a wave is Twave (11x) Awave(T; Mx)

Boris Grube, TU Miinchen Hadron Spectroscopy at



Partial-Wave Analysis: 7w~ 7" 7t~ Final State

- . Bachelor
Theam T UPCM ] Vo

/
I b%: Tt
P sobar o

ptarget / \ Precoil

Isobar model

@ Ansatz: Production of X is independent of its decay
e Production described by amplitudes Twave (7x)

@ Strength and relative phase of partial wave
o Total amplitude of a wave is Twave (11x) Awave(T; Mx)
@ Many waves contribute

o Same final state =—> amplitudes have to be summed coherently
2

@ Intensity: Z(t;my) = ‘Ewaves Twave(Mx) Awave(T; Mx)

o Model for 7 distribution with unknown parameters Tyave (1)

Boris Grube, TU Miinchen Hadron Spectroscopy at



Partial-Wave Analysis: 7w~ 7" 7t~ Final State

- . Bachelor
Theam T UPCM ] Vo

/
b%: o
I
P sobar o

ptarget / \ Precoil

Isobar model: spin-parity decomposition

2
@ Intensity: Z(t;mx) = ‘Ewaves Twave (1) Awave (T; mX)’

Boris Grube, TU Miinchen Hadron Spectroscopy at



Partial-Wave Analysis: 7w~ 7" 7t~ Final State

- . Bachelor
Theam T UPCM ] Vo

/
I b%: Tt
P sobar o

ptarget / \ Precoil

Isobar model: spin-parity decomposition

2
@ Intensity: Z(t;mx) = ‘Ewaves Twave (1) Awave (T; mX)’

@ Determination of Twave (mx)
@ Bin data in my

@ Neglect my dependence within mass bin
@ No assumptions about 377 resonances

@ Maximum likelihood fit of 5-dimensional 7 distribution in each mx

@ Takes into account detector acceptance and efficiency
@ Decomposition into (nearly) orthonormal function system { Awave(T) }
v,

COMEASS
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Partial-Wave Analysis: 7t~ 7" 7t~ Final State

Truncation of the Partial-Wave Series

2
@ Intensity: Z(t;my) = ‘E‘i]oaves e itz A8 mX)’
@ In principle infinitely many partial waves
o All allowed isobars and orbital angular momentum values
@ Limited amount of data = truncate series

@ Dominant isobars determined from kinematic distributions of isobar
subsystems (e.g. 7+, distribution)
o Selection of waves based on physics and experience

@ [terative optimization process

Boris Grube, TU Miinchen Hadron Spectroscopy at



Partial-Wave Analysis: 7t~ 7" 7t~ Final State

Truncation of the Partial-Wave Series

2
@ Intensity: Z(t;mx) = ‘E‘i]oaves e itz A8 mX)’
@ In principle infinitely many partial waves
o All allowed isobars and orbital angular momentum values
@ Limited amount of data = truncate series

@ Dominant isobars determined from kinematic distributions of isobar
subsystems (e.g. 7+, distribution)
@ Selection of waves based on physics and experience

@ [terative optimization process
o

Wave set used for analysis of 37t data

@ 87 waves + incoherent isotropic background (“flat”) wave

By far the largest wave set ever used for this channel

Spin J up to 6

Orbital angular momentum L up to 6

Isobars: (7t7r)s, £,(980), p(770), £,(1270), f,(1500) and p3(1690)

4

COMEASS
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e Selected results
@ Partial-wave decomposition of the (377)~ final state
@ Resonance extraction in the 7w~ 7w* 71~ system

COMEASS
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PWA of 7= p — (37T) ™ Precoi: Data Sets

~ 50 - 10° exclusive 7t 7t" 7t~ events

@ World’s largest 71~ 71" 71~ data set by far
@ Kinematic range 0.1 < t' < 1.0 (GeV/c)?
@ Challenging analysis

@ Requires large computing resources
o Needs precise understanding of apparatus
@ Systematics larger than statistical uncertainties

Boris Grube, TU Miinchen Hadron Spectroscopy at



PWA of 7= p — (37T) ™ Precoi: Data Sets

~ 50 - 10° exclusive 7t~ 7t 7t~ events
@ World's largest 1~ 7" 7t~ data set by far
@ Kinematic range 0.1 < t' < 1.0 (GeV/c)?
@ Challenging analysis

@ Requires large computing resources
o Needs precise understanding of apparatus
o Systematics larger than statistical uncertainties

v

Crosscheck systematics using 77~ 7t°7t° events

@ 3.5 M exclusive events

@ Very different acceptance

@ Isobars separated by isospin
o [ = 1isobars: m 7°
o | = (Oisobars: °1t°

COMEASS
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PWA of 7= p — (37T) Precoii: A Complication

@ 37 invariant mass spectrum depends on #/
o Partial waves have different ' dependencies

v
/ /
0.10 < t' < 0.12 (GeV/c)? 0.44 < t' < 1.00 (GeV/c)?

60 x10° p — 7' p (COMPASS 2008) x10° Tp - 7' p (COMPASS 2008)

K 0.10 <t <0.12 GevZc? L F 044 <t <1.0Gevie?
3 f 3 o
= L > E
o ¢ v 35C
z e
5 “F b oo
5 5 250
T 30 T L
£ £ 20F
E 5 E
z L z L
20 1sF
; 105
10— E
[ 5

07 e I O O O O B I fo = T R N B B PR ST

06 08 1 12 14 16 18 2 22 24 06 08 1 12 14 16 18 2 22 24

Massof 77 " System (GeV/c?) Massof 7777 r* System (GeV/c?) conpsss
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PWA of 7= p — (37T) Precoii: A Complication

@ 37 invariant mass spectrum depends on #/
o Partial waves have different ' dependencies

@ ' spectrum depends on 37 invariant mass

v
800 < m3, < 850 MeV/c? 1600 < m3, < 1650 MeV/c?
. mp — o p(COMPASS 2008) R mp — 1t p (COMPASS 2008)
& | 0.80 < m,,, <0.85 GeV/c? K 1.60 < my, < 1.65 GeV/c?
3 3 10°:
O 10%% O K
s £ s L
d £ d r
[ [T
g | g0k
& 10°E o F
5 5
gz L 2 L
o o
E | E T
S L =1
z z 10°F
100 £
:HH\\H\\HH\\H\\HH\HH\HH\HH\HH 7\\\\\HH\\\H\HH\HH\\H\\HH\HH\HH\
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PWA of 7= p — (37T) Precoii: A Complication

@ 37 invariant mass spectrum depends on #/
o Partial waves have different ' dependencies
@ ' spectrum depends on 37 invariant mass
@ Modeling of ' dependence difficult
@ Avoid model bias by binning data in ¢’ and m3,

o 11 # bins for 7~ 7t* 7t~ and 8 t’ bins for 7~ °7°

Number of Events/ (5 [10™° GeVZ/c?)

800 < m3,; < 850 MeV/c? 1600 < m3; < 1650 MeV/c?

mp — o p(COMPASS 2008) mp — 1t p (COMPASS 2008)
0.80 < m,,, <0.85 GeV/c? 1.60 < m,, < 1.65 GeV/c?

10°
10° &

10
10°E

Number of Events/ (5 [10™° GeVZc?)

10°
10°E

01 02 03 04 05 06 07 08 09 1 01 02 03 04 05 06 07 08 09 1

quared Four-Momentum Transfer t' (GeV/c
Boris Grube, TU Miinchen

quared Four-Momentum Transfer t' (GeV?/.
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PWA of 1= p — (37T) Precoi: Major Waves

x10° ap = a" a7 p (COMPASS 2008)

,(1320)

035

@ 71 7/ invariant
mass spectrum

W
T

1,(1260)

Number of Events / (5 MeV/c2)

0.25F
02F
oisk 71,(1670)
0.1
0.051-
0 I I P T i T B e
06 08 1 12 14 16 18 2 22 24

Mass of 772~ System (GeV/c?)

COMEASS
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PWA of 1= p — (37T) Precoi: Major Waves

@ 71 7/ invariant
mass spectrum

e 1T+ 0% pnS:
a,(1260)

T 7.[() 7.[0

-ttt scaled for each plot
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PWA of 1= p — (37T) Precoi: Major Waves

~ x10° 7p = 7wt p (COMPASS 2008) e COMPASS 2008 (T p—31D)
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PWA of 1= p — (37T) Precoi: Major Waves
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PWA of 1= p — (37T) Precoil: Low t’ vs. High #/
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PWA of 1= p — (37T) Precoil: Low t’ vs. High #/
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PWA of 7~ p — (3
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COMPASS 2008 (rp—(3m) p)

3

PWA of 1= p — (37T) Precoil: Selected Small Waves
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PWA of 1= p — (37T) Precoil: Selected Small Waves
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PWA of 7= p — (37T) ™ Precoi: 1~ Spin-Exotic Wave
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PWA of 7= p — (37T) ™ Precoi: 1~ Spin-Exotic Wave

x10° p = xxp (COMPASS 2008) x10* Xp — xXp (COMPASS 2008)
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PWA of 7= p — (37T) ™ Precoi: 1~ Spin-Exotic Wave

1=t 1% prP

@ Broad intensity
bump

@ Similar in both
channels

@ Strong modulation
with #
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PWA of 7= p — (37T) ™ Precoi: 1~ Spin-Exotic Wave

x10° p = xxp (COMPASS 2008) x10* Xp — xXp (COMPASS 2008)
[ 0.66% 171 p(770) n P % [ 097% I™*1° p(770) T P
0.100 = ' 5 0.113 GeV/c? u 0.262 st 5 0.326 GeV/c?

1=t 1% peP
@ Broad intensity
bump

Number of Events/(20 MeV/c?)
Number of Events/(20 MeV/c?)

@ Similar in both
channels

@ Strong modulation L ‘ . . Eo
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PWA of 7= p — (37T) ™ Precoi: 1~ Spin-Exotic Wave

1=t 1% peP

@ Broad intensity
bump

@ Similar in both
channels

@ Strong modulation
with #/

@ Slow phase motion
in all ¢’ bins

np — wwntp (COMPASS 2008)

Phase (Degree)

150F
100F

Boris Grube, TU Miinchen

171 p(770) P - 1**0* p(770) =t S

0.113 s t' = 0.128 GeV*/c? 0.189 = t' = 0.220 GeV>/c?
0.449 < t' = 0.724 GeV?/c?

E 4
% # "
i "Ei:‘ ‘:ﬁﬂ T ak
F o "”’z‘f“'“u*’i‘{:" \
. L doals 'A“’F:.T“\ Il ‘ +\ 1| ‘ L1 ‘ L1 ‘ \”\”W"T:l:;‘.:.'rf."":.T.:A
06 08 1 12 14 16 1.8 2 22 24

Mass of the wwm* System (GeV/c?)
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PWA of T~ p — 7 T 1™ precoil: Fit of Mass Dependence

Extraction of resonance parameters

@ Model mass dependence of subset of 6 partial waves

@ 17707 7S a,(1260) +a,’

Q 2+ 1% pnD a,(1320) +a,/

Q 2 +0" f,1S 7,(1670) + 1,(1880)
Q 471t oG a,(2040)

@ 010" £,(980)rS  7(1800)
Q 1107 £,(980)7P  a,(1420)

@ Resonances: relativistic Breit-Wigner amplitudes

o Coherent non-resonant term in each wave: phenomenological
parametrization

o Parameters estimation by x? fit

COMEASS
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PWA of T~ p — 7 T 1™ precoil: Fit of Mass Dependence

Extraction of resonance parameters

@ Model mass dependence of subset of 6 partial waves

@ 17707 7S a,(1260) +a,’

Q 2+ 1% pnD a,(1320) +a,/

Q 2 +0" f,1S 7,(1670) + 1,(1880)
Q 471t oG a,(2040)

@ 010" £,(980)rS  7(1800)
Q 1107 £,(980)7P  a,(1420)

@ Resonances: relativistic Breit-Wigner amplitudes

o Coherent non-resonant term in each wave: phenomenological
parametrization

o Parameters estimation by x? fit

v

Novel method: Combined fit of all # bins

@ Same resonance parameters in each ¢’ bin

@ Improves separation of resonant and non-resonant contributions

<
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PWAof T~ p — m 7T 7T~ precoil: Fit of Mass Dependence

TT0 W770) xS 12°T p770) kD 12 0'41270) xS T4°T p770) G TT01,(980) xP 10 0'1,980) 5 S
Mass of x ' System (GeV/c?)
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e i " s
= 1y g4 " 00
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w10 | : i A "
| ~ -
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hso
00

Interference Terms

100
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hso
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) -
% p — 7% p (COMPASS 2008) o -
0.100 < t' <0.113 GeV?/c? “

w
Mass-independent Fit @
Mass-dependent Fit

Resonances
Non-resonant Terms U ¥
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PWAof T~ p — m 7T 7T~ precoil: Fit of Mass Dependence

TT0 W770) xS 12°T p770) kD 12 0'41270) xS T4°T p770) G TT01,(980) xP 10 0'1,980) 5 S
Mass of x ' System (GeV/c?)

080810
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Centered Phase (deg)
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EE]

100
150

"‘y‘fﬂ“'
k 1

oo

100

150

hso
00

Interference Terms

100
150

hso
00

100

150

xp - wx'w p (COMPASS 2008)
0.100 < t' <0.113 GeV?/c?

Mass-independent Fit w
Mass-dependent Fit E

Resonances ; o
Non-resonant Terms 1%

\ 2
'

- 111'Bins s
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PWAof T~ p — m 7T 7T~ precoil: Fit of Mass Dependence

TI0 p(770) xS 12T §770) 2D

12°0G1270) xS 14T (770 G TT°01080) =P 10°0'1,980) xS
Vics)

Mass of x x'x” System

e (Al

ol

xp - wx'w p (COMPASS 2008)
0.100 < t' <0.113 GeV?/c?

Mass-independent Fit
Mass-dependent Fit
Resonances
Non-resonant Terms

[/\

iterference Terms

ﬁf\ / {1 ~

@ 352 free (real-valued) fit parameters

o 319 fit parameters for complex amplitudes
(strengths and phases) of model components

@ 33 shape parameters of resonances and
non-resonant terms

@ ~ 15000 data points

v

<,
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PWAof T~ p — m 7T 7T~ precoil: Fit of Mass Dependence

2**1‘ p(770) x D

0.100 = ' 0113 GoVlc?

0.13 = 1 20127 GoViic?

x'p — nw'np (COMPASS 2008)
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,(1320) parameters
@ m = 1312-1315 MeV/c?
@ I = 108-115 MeV/c?
Cf. PDG 2012
@ m = 1318372 MeV/c?
@ I =107 +5 MeV/c?
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PWAof T~ p — m 7T 7T~ precoil: Fit of Mass Dependence

121" p(770) = D

0.100 = ' 0113 GoVlc?

0.13 = 1 20127 GoViic?

x'p — nw'np (COMPASS 2008)
0127 = 0144 GeVie?
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2++ 1+ pD

4,(1320) parameters
@ m = 1312-1315 MeV/c?
@ I = 108-115 MeV/c?
Cf. PDG 2012
m = 1318.3752 MeV/c?
@ I =107 +5 MeV/c?

a1, parameters

@ m = 1740-1890 MeV/c?

@ I = 300-555 MeV/c?
cf. PDG 2012 “omitted from
summary”: a,(1700)

@ m = 1732 4 16 MeV/c?

@ I =194 + 40 MeV/c?
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PWAof T~ p — m 7T 7T~ precoil: Fit of Mass Dependence

110" p(770) = S

x'p — nw'np (COMPASS 2008)
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PWAof T~ p — m 7T 7T~ precoil: Fit of Mass Dependence

x'p — nw'np (COMPASS 2008)
0127 = 0144 GeVie?

10t p7s

4,(1260) parameters
@ m = 1260-1290 MeV/c?
@ I = 360-420 MeV/c?
Cf. PDG 2012
@ m = 1230 + 40 MeV/c?
@ I = 250-400 MeV/c?

a,’ parameters
m = 19202000 MeV/c?
@ I = 155-255 MeV/c?

cf. PDG 2012 “further states”:
a,(1930)

@ m =193073) MeV/c?
@ I =155+ 45 MeV/c?
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PWAof T~ p — m 7T 7T~ precoil: Fit of Mass Dependence
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1(1420) parameters
@ m = 1412-1422 MeV/c?
@ I' = 130-150 MeV/c?
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PWAof T~ p — m 7t 7T~ precoil: Fit of Mass Dependence

Relative Phases of 17+ 0 £,(980) 7P Partial Wave

0.100 < 1 <0.113 GeV¥c? =P — (COMPASS 2008)
F Phase [(T1°0° £,(980) « P) - (110" p(770) = S)]
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PWAof T~ p — m 7t 7T~ precoil: Fit of Mass Dependence

Relative Phases of 17+ 0 £,(980) 7P Partial Wave

0.100 < t' <0.113 GeV/c? _7p

0.100 < t' <0.113 GeV*/c? = P (COMPASS 2008)
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PWAof T~ p — m 7t 7T~ precoil: Fit of Mass Dependence

Relative Phases of 17+ 0 £,(980) 7P Partial Wave

0.100 < ' <0.113 GeV?/c? xp — xx'x p (COMPASS 2008)

0.100 < t' <0.113 GeV?/c? _xp — x x'x p (COMPASS 2008)
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PWAof T~ p — m 7t 7T~ precoil: Fit of Mass Dependence

Relative Phases of 17+ 0 £,(980) 7P Partial Wave

0.100 < ' <0.113 GeV¥/c?  xp —~ P (COMPASS 2008)

0.100 < t' <0.113 GeV/c>?  7p "p (COMPASS 2008)
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PWAof T~ p — m 7t 7T~ precoil: Fit of Mass Dependence

Relative Phases of 17+ 0 £,(980) 7P Partial Wave

0.100 < t' <0.113 GeV?/c? _xp — x x'x p (COMPASS 2008)

0.100 < ' <0.113 GeV?/c? xp — xx'x p (COMPASS 2008)

§ [ Phase[(T1°0"1(980) x P)-(T170" p(770) x )] | § 50| Phase [(1170"1,(980) x P)- (12" m o(770) = D)]
e 100~ - - r
é E % g 100 ‘
s0f- Y E | I
E 500 Ol
S W
=t ‘H g 7 “‘ “ bk, Significant phase
100" ’6 50; W | } W motion w.r.t.
| * e 1t+0* pr$
E 150 {
-200;\‘”\”‘\”‘\H\mm,\m\m\mh 200l MmmxmxlH\m\m\‘ °2++1+p7TD

| I I
06 08 1.0 12 14 16 18 20 22 24 06 08 10 12 14 16 18 20 22 24
Mass of xn'x System (GeV/c?) Mass of x''x” System (GeV/c?)

0.100 < ' <0.113 GeV¥c? _xp — xx'x'p (COMPASS 2008) 0.100 s ' <0.113 GeV¥/c?  xp —~ xx'x'p (COMPASS 2008) ° 2_+ O+ fz 7TS

g [ Phase[(TT7071,(980) nP)- (12 0'1,(1270) xS)] § [ Phase[(T1°0" ,(980) x P)- (1471 p(770) = G)I
s 2 150
T : T | @ 4Tt 1% pnG
T . £ ook t
100F of
: / ob | . .
sl : Consistent with
£ r [ . .
o °F f M Breit-Wigner
50 o | resonance )
100 7
£ 450
Y PSP S PO U U N PN O U O T | PO T T Y B O
06 08 10 12 14 16 18 20 22 24 06 08 10 12 14 16 18 20 22 24
Mass of = x'x” System (GeVic) Mass of =z System (GeVic?) compsss
43 Boris Grube, TU Mii Hadron Spectroscopy at /s




e Conclusions and outlook
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Conclusions and Outlook

World’s largest 7t~ "7t~ data set

@ Crosscheck systematics with 7~ 7°7t° data
@ Novel analysis scheme: binning in '
@ Better separation of resonant and non-resonant contribution
@ Determination of resonance parameters still work in progress

o Limited by systematics
e Improved models needed
@ Better parametrization of non-resonant contribution
o Future: include more partial waves in mass-dependent fit

@ Better contraint parameters of excited states
@ Extraction of branching fractions
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Conclusions and Outlook

New state a,(1420) seen in £,(980) 7 decay mode

o m = 1412-1422 MeV/c?, I’ = 130-150 MeV/c?
@ No quark-model states expected in this mass region

@ Pronounced phase motion w.r.t. to other waves
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Conclusions and Outlook

New state a,(1420) seen in £,(980) 7 decay mode
o m = 1412-1422 MeV/c?, I' = 130-150 MeV/c?

@ No quark-model states expected in this mass region

@ Pronounced phase motion w.r.t. to other waves

Nature of a,(1420) still unclear
@ Close to K*(892) K threshold
@ Isospin partner of f,(1420)?
@ Coupled-channel effect with a,(1260) — K*(892) K — £,(980) 7?
0 ...7
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Conclusions and Outlook

New state a,(1420) seen in £,(980) 7 decay mode
o m = 1412-1422 MeV/c?, I' = 130-150 MeV/c?

@ No quark-model states expected in this mass region

@ Pronounced phase motion w.r.t. to other waves

Nature of a,(1420) still unclear
@ Close to K*(892) K threshold
@ Isospin partner of f,(1420)?
@ Coupled-channel effect with a,(1260) — K*(892) K — £,(980) 7?

9 ...?

Broad intensity bump in spin-exotic 1~ 1" p7rP wave

@ Resonance interpretation work in progress
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But wait. . . There’s More!

Other diffractively produced channels

@ Pion beam: 7wy, w1y, Ty,
- °w, KK, KK,
noratnatn, ...

@ Kaon beam: K-t~

COMEASS
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But wait. .. There’s More!

Other diffractively produced channels Pbeam Prtast

® Pionbeam: 7t 1, w1y, w1, L nt K
- w, KK7t, KK, -
Tt ot ... P Ul o m® K-
@ Kaon beam: K- 7wt~ Prarget Precoil

Oth ducti " K™K~ invariant mass
er production reactions , oV

x10° [
. . N —p K'K’ ),
@ Central production reactions 5 of e
S 1of
o Study isoscalar JP€ = 0+ g
mesons 5o
LT
):
L
2
Y 1.2 1.4 1.6 |.‘S ?‘_ 22 24
y. Invariant Mass of K*K~ System (GeV/c?)
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But wait. . . There’s More!

Other diffractively produced channels

@ Pion beam: 7wy, w1y, Ty, s i Z*
- °w, KK, KK, P T
ottt ...

@ Kaon beam: K™ 7w+~ Ptarget Precoil

v

50-10° prrt 71 events
Other production reactions & P

; . N§0 sk COMPASS 2009
@ Central production reactions 2095 PP DR,  ccton
. pC o) 03F preliminary

o Study isoscalar J¥C = 01+ &t
£025E
mesons ra
@ Diffractive production of o1sf-
baryon resonances oif
e “Pomeron-induced” R
+ = . 07

o E.g. p p — pT[ T precoﬂ T2 e 1'Glnv;;iaant hﬁass%izn‘n'zp.:‘syszlé?n (égvlcz)a
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But wait. . . There’s More!

Other diffractively produced channels .

. - _ _ beam +
@ Pion beam: 7wy, w1y, Ty, P X T+
- w, KK7t, KK, P T
noratnatn, ...
- K=t
@ Kaon beam: K~ 7t* 7 | [ Precoil
. , 50 - 10° prrt 7t~ events
Other production reactions "
) X % b COMPASS 2009
@ Central production reactions 209% P et torecon)
. pC o) 03F preliminary
o Study isoscalar J¥C = 01+ 3
mesons Yok
e Diffractive production of o155
baryon resonances o1
o “Pomeron-induced” R
— ()=
o E.g. p p — anrT[ precoil T2 e 1'Glnv;;iaant hﬁass%izn‘n%:‘Syszlé?n (égvlcz)a
COMPASS is a unique experiment to study
light-quark hadron spectroscopy
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@ Backup slides
@ Partial-wave analysis method
@ Partial-wave decomposition of (377)~ final states
@ Extraction of [717T]g_ a0, amplitude from 71~ 71" 71~ system
@ Mass-dependent fit
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Partial-Wave Analysis: The Basic ldea

Simplest case: elastic scattering of non-relativistic spinless particles
from static central potential J. J. Sakurai, “Modern QM” ch. 7.6

@ Differential cross section from scattering
amplitude f using transition operator T

do 7! 7! 2T T
= = IR R with £k, F) o (F|TIR)

v
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Partial-Wave Analysis: The Basic ldea

Simplest case: elastic scattering of non-relativistic spinless particles
from static central potential J. J. Sakurai, “Modern QM” ch. 7.6

@ Differential cross section from scattering
amplitude f using transition operator T
ST = |G witn f(5 ) o TR

@ Insert complete set {|L M)} of orthonormal basis states (spherical

waves)
Completeness: Y r pr |[L MY(LM| =1

F(k K o (K'[1T2[K)
o« Y Y (K| M) (L' M'|TIL M) (L MIK)
L’M’LMR’/__’/%’_/ R/—_‘/
Y ®)  <TLE) e YPM(R)

o« Y (2L +1) T.(E) P(cos6)
L

v

CDMW
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Partial-Wave Analysis: The Basic ldea

Simplest case: elastic scattering of non-relativistic spinless particles
from a static central potential (cont.) J. J. Sakurai, “Modern QM” ch. 7.6

f(kK) <Y (2L +1) T1(E) Py (cos6)
L

@ Key feature: for each L, terms factorize into

e Dynamic amplitude Tr,(E)
e Angular distribution Pr (cos 6)
@ Transition amplitudes T} contain
interesting dynamics

@ At fixed E: determination of T} from
data by decomposition of angular
distributions in terms of Pj,

Boris Grube, TU Miinchen Hadron Spectroscopy at /



Partial-Wave Analysis: The Basic ldea

Simplest case: elastic scattering of non-relativistic spinless particles

from a static central potential (cont.) J. J. Sakurai, “Modern QM” ch. 7.6
Legendre polynomials
. T T T
@ Key feature:
e Dynam:
e Angula 05 -
@ Transition a
interesting
=
o Atfixed E: o °
data by dec
distribution . o) i
Pi(x)
P2(x)
P3(x)
. Pa(x)
- | 1 | Psix) .
-1 05 0 05 1
X o
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Partial-Wave Analysis: The Basic ldea

Simplest case: elastic scattering of non-relativistic spinless particles
from a static central potential (cont.) J. J. Sakurai, “Modern QM” ch. 7.6

f(kK) <Y (2L +1) T1(E) Py (cos6)
L

@ Key feature: for each L, terms factorize into

e Dynamic amplitude Tr,(E)
e Angular distribution Pr (cos 6)
@ Transition amplitudes T} contain
interesting dynamics

@ At fixed E: determination of T} from
data by decomposition of angular
distributions in terms of Pj,
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Partial-Wave Analysis: The Basic ldea

Simplest case: elastic scattering of non-relativistic spinless particles

from a static central potential (cont.) J. J. Sakurai, “Modern QM” ch. 7.6
f(kK) <Y (2L +1) T1(E) Py (cos6)
L

@ Key feature: for each L, terms factorize into
e Dynamic amplitude Tr,(E)
e Angular distribution Pr (cos 6)
@ Transition amplitudes T} contain ATm
interesting dynamics
@ At fixed E: determination of T} from

data by decomposition of angular
distributions in terms of Pj,

@ Ty (E) usually parameterized by phase T, {
01 (E) and inelasticity 7 (E): I

] Plad L 3

261 (E) _ q ;) 0 1/2 Re

)= A e
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Partial-Wave Analysis Formalism

ity Conservation at Production Vertex

Reflectivity basis S. U. Chung and T. L. Trueman, Phys. Rev. D11 (1975) 633

@ Reaction: beam + target — X + recoil
@ Reflectivity operator I'l,: reflection through production plane

@ Particles in production plane: I, acts like parity but leaves
momenta unchanged

Boris Grube, TU Miinchen Hadron Spectroscopy at



Partial-Wave Analysis Formalism

Parity Conservation at Production Vertex

Reflectivity basis S. U. Chung and T. L. Trueman, Phys. Rev. D11 (1975) 633

@ Reaction: beam + target — X + recoil

@ Reflectivity operator I'l,: reflection through production plane

@ Particles in production plane: I, acts like parity but leaves
momenta unchanged

@ Eigenstates to I1:
[JPM€) = (M) [|JPM) — e P (=) ~M|JP —M)] where M > 0 and
f {% for M =0,

% for M > 1

Boris Grube, TU Miinchen Hadron Spectroscopy at &



Partial-Wave Analysis Formalism

Parity Conservation at Production Vertex

Reflectivity basis S. U. Chung and T. L. Trueman, Phys. Rev. D11 (1975) 633

Reaction: beam + target — X 4 recoil

Reflectivity operator I'1,: reflection through production plane
Particles in production plane: I, acts like parity but leaves
momenta unchanged

Eigenstates to I1:

[JPM€) = (M) [|JPM) — e P (=) ~M|JP —M)] where M > 0 and
f {% for M =0,

% for M > 1

@ Reflectivity € = 41 (for bosons)

@ Parity conservation: amplitudes with different e do not interfere

@ ¢ corresponds to naturality of exchanged Reggeon

o Pomeron has positive naturality => € = +1 amplitudes dominant

<
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Partial-Wave Analysis Formalism

Decay Amplitude in the Helicity Formalism

Two-body decay a — b+ ¢

@ Kinematics defined by

o Invariant mass 11, of a b
o Polar angles (6, ¢) of daughter b in | TuA >
rest frame of a a b7b
@ Spin states of b and c are described in | JaM >
helicity basis e
C
|JeAe)

COMEASS
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Partial-Wave Analysis Formalism

Decay Amplitude in the Helicity Formalism

Two-body decay a — b+ ¢

@ Kinematics defined by

e Invariant mass m, of a
o Polar angles (6, ¢) of daughter b in
rest frame of a

@ Spin states of b and c are described in
helicity basis
@ |, and ], couple to total spin S

@ Relative orbital angular momentum L
between b and ¢

@ L and S couple to J,

52 Boris Grube, TU Miinchen

|JaMa)

|JpAp)

€

|JeAe)
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Partial-Wave Analysis Formalism

Decay Amplitude in the Helicity Formalism

Two-body decay amplitude fora — b+ ¢
Aa(ma,9,¢) = V2L +1 Z (]b/\b Ic —AC|55) (LO S‘SUa ‘5)

/\bl AC
D}t 5(8,,0) FL(q) A(ma) Ap Ac

Decay amplitude has no free parameters!

0= Ay — Ac

D]IC;; 5(0,¢,0) D-function which describes rotation of helicity state
Fi.(q) Blatt-Weisskopf barrier factor fora — b[L]c

q Breakup momentum fora — b+¢

A(my) Amplitude that describes resonance shape of a

Apc decay amplitudes of (unstable) daughters b and ¢

COMEASS
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Partial-Wave Analysis Formalism

Decay Amplitude in the Helicity Formalism

Two-body decay amplitude fora — b+ ¢

Ag(ma,0,¢) = V2L+1 Y (JyAp Je —A|S6) (LO S6|],0)

/\bl AC
D}t 5(8,,0) FL(q) A(ma) Ap Ac

Decay amplitude for multi-body final state

@ Recursive calculation of two-body
decay amplitudes for each vertex in
isobar decay tree

@ E.g. 2 verticesin 7w~ w7t~ case
@ X~ decay: Gottfried-Jackson frame

o A(mx) =1
o Isobar decay: helicity frame
0o A =1

Boris Grube, TU Miinchen Hadron Spectroscopy at



Partial-Wave Analysis Formalism

Decay Amplitude in the Helicity Formalism

Two-body decay amplitude fora — b+ ¢

Ag(ma,0,¢) = V2L+1 Y (JyAp Je —A|S6) (LO S6|],0)

/\bl AC
D}t 5(8,,0) FL(q) A(ma) Ap Ac

. 3 A 2G] = ﬁbcam
Decay amplitude for multi-body final state

@ Recursive calculation of two-body
decay amplitudes for each vertex in
isobar decay tree

@ E.g. 2 verticesin 7w~ w7t~ case

@ X~ decay: Gottfried-Jackson frame X~ RF

o A(mx) =1 - ~ R
o Isobar decay: helicity frame 2 S e
0o A =1 =
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Partial-Wave Analysis Formalism

Decay Amplitude in the Helicity Formalism

Two-body decay amplitude fora — b+ ¢

Ag(ma,0,¢) = V2L+1 Y (JyAp Je —A|S6) (LO S6|],0)

/\bl AC
D}t 5(8,,0) FL(q) A(ma) Ap Ac

. 3 A 2G] = ﬁbcam
Decay amplitude for multi-body final state

@ Recursive calculation of two-body
decay amplitudes for each vertex in
isobar decay tree

@ E.g. 2 verticesin 7w~ w7t~ case

@ X~ decay: Gottfried-Jackson frame X~ RF

o A(mx) =1 - ~ R
o Isobar decay: helicity frame 2 S e
0o A =1 =
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Partial-Wave Analysis Formalism

Decay Amplitude in the Helicity Formalism

Two-body decay amplitude fora — b+ ¢

Ag(ma,0,¢) = V2L+1 Y (JyAp Je —A|S6) (LO S6|],0)

/\bl AC
D}t 5(8,,0) FL(q) A(ma) Ap Ac

. 3 A 2G] = ﬁbcam
Decay amplitude for multi-body final state

@ Recursive calculation of two-body
decay amplitudes for each vertex in
isobar decay tree

@ E.g. 2 verticesin 7w~ w7t~ case

@ X~ decay: Gottfried-Jackson frame X~ RF

o A(mx) =1 - ~ R
o Isobar decay: helicity frame 2 S e
0o A =1 =
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Partial-Wave Analysis Formalism

Cross section parameterization in mass-independent PWA

rank |waves 2
I(tmx)= ), Y, | Y Tf¢(mx) Af (7)
e=+1 r=1 i

@ ¢,i: quantum numbers of partial wave (J7¢ M€[isobar]L)
@ T7¢: complex production amplitudes; fit parameters

@ Af: complex decay amplitudes

@ T: phase space coordinates

V.

Spin-density matrix

rank waves
o5 = Yy 1€ i I(tmx) = Y ¥ pii(mx) Af (T) A5 (T)
r=1 e=+1 ij

@ Diagonal elements p;;: intensities
o Off-diagonal elements p;;, i # j: interference terms

COMEASS
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Partial-Wave Analysis Formalism

Unbinned extended maximum likelihood fit in mass bins

@ Likelihood L to observe N events distributed according to model
cross section ¢ (7; my) and detector acceptance Acc(T; my)

o [W_N e—N] 8 o (Ti; mx) Acc(Ty; mx)
N k=1 /d@n(r;mx)a("r;mx) Acc(T;mx)
Poisson likelihood likelihood to observe event k

to observe N events

COMEASS
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Partial-Wave Analysis Formalism

Unbinned extended maximum likelihood fit in mass bins

@ Likelihood L to observe N events distributed according to model
cross section ¢ (7; my) and detector acceptance Acc(T; my)

o [W_N e—N] 8 o (Ti; mx) Acc(Ty; mx)
N k=1 /d@n(r;mx)a("r;mx) Acc(T;mx)
Poisson likelihood likelihood to observe event k

to observe N events

@ Expected nmb. of events N « /dcbn(r; my) o(T; mx) Acc(T; my)

@ n-body phase-space element d®,(7; mx)

COMEASS
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Partial-Wave Analysis Formalism

Unbinned extended maximum likelihood fit in mass bins

@ Insert intensity parameterization

T = ZE P Zrank Zwaves T,,e Ae

@ Skip constant factors and take logarithm:

rank 2

-yl ¢ 3

k=1 e=+1r=

waves
Y T7CAf(h)

i

rank waves

YY) T“Tfe*/dcpn 1) Acc(7) AS (1) AS* (1)

e=flr=1 ij

normalization integral [;;

Boris Grube, TU Miinchen Hadron Spectroscopy at



Partial-Wave Analysis Formalism

Unbinned extended maximum likelihood fit in mass bins

@ Insert intensity parameterization

T = ZE P Zrank Zwaves T,,e Ae

@ Skip constant factors and take logarithm:

rank 2

-yl ¢ 3

k=1 e=+1r=

waves
Y T7CAf(h)

i

rank waves

YY) T“Tfe*/dcpn 1) Acc(7) AS (1) AS* (1)

e=flr=1 ij

normalization integral [;;

@ Maximization of In £ with T7 €(mx) as free parameters

@ Decay amplitudes Af(7y;mx) are pre-calculated

@ J;j(my) estimated using phase-space Monte Carlo

Boris Grube, TU Miinchen Hadron Spectroscopy at



Partial-Wave Analysis: 7w~ 7" 7t~ Final State

Test of fit quality

@ Generate Monte-Carlo pseudodata according to model

2
(T3 mx) = | gaves Twave (1) Avave (i mx)|

@ Compare to real data

" x 10° mp - mrm p(COMPASS 2008)

5 14 MC vs. Real Data

@ L 0.127 < t' <0.144 GeV?/c?

5 12F 15<m,, <17 Gev/c?

é 10+ @ m i distribution

z 8 ¥ o 1.5 < msz, < 1.7 GeV/c?
6 . T 0 0.127 < t' < 0.144 (GeV/c)?
4,
2,
0

g} 1'5~

ko] b s e crt oo

e L : g
0.5
o N P AN AR RRTAVEN BARY

0.4 0.6 0.8 1 12 14
Mass of 7771 Subsystem (GeV/c?) compsss
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Partial-Wave Analysis: 7w~ 7" 7t~ Final State

Test of fit quality

@ Generate Monte-Carlo pseudodata according to model

2
(T3 mx) = | gaves Twave (1) Avave (i mx)|

@ Compare to real data

15sm,,<17GeV/c> mp - ' p(COMPASS 2008)
0127 < t' <0.144 GeV?/c? Redl Data

"I
#

150

@, (deg)

@ Angular distribution in
isobar — 7t
o 15 < m3z,; < 1.7 GeV/c?
0 0.127 < t' < 0.144 (GeV/c)?

100

50

L]

#.
=i s n
e
- 2

T A ii
|
[ ]

-1 -08-06-04-02 0 02 04 06 08 1

CO&9HF COMEASS
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Partial-Wave Analysis: 7w~ 7" 7t~ Final State

Test of fit quality

@ Generate Monte-Carlo pseudodata according to model

2
(T3 mx) = | gaves Twave (1) Avave (i mx)|

@ Compare to real data

15sm,,<17GeV/c> mp - ' p(COMPASS 2008) 15<m,, <17GeV/c? mp — ' p(COMPASS 2008)
0127 < t' <0.144 GeV?/c? Real Data 0.127 < t' <0.144 GeV?/c? Monte Carlo
P [ |
B b B o
s% e -
100

S
“

l."
-

[l - .
OF g
_50:t ]
-1000= §
-150
-1 -08-0.6-04-02 0 02 04 06 08 1 -1 -08-06-04-02 0 02 04 06 08 1
C0&9HF OOS'9HF COMEASS
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Partial-Wave Analysis: 7w~ 7" 7t~ Final State

Test of fit quality

@ Generate Monte-Carlo pseudodata according to model

2
(T3 mx) = | gaves Twave (1) Avave (i mx)|
@ Compare to real data

15sm,,<17GeV/c> mp - ' p(COMPASS 2008) 15<m,, <17GeV/c? mp — ' p(COMPASS 2008)
0127 < t' <0.144 GeV?/c? Real Data 0.127<t <0144 Gev?c2 Real Data/lMonte Carlo
— [} I =) E
€ 1o PR £ 150-
= & i
S 100 S 1000 16
F 1.4
50 50—
F 12
0 o 1
E 08
-50 -50F
[ 0.6
-100 -100F 04
-150 -150F 02
Covad o b b b b b b by
-1 -08-06-04-02 0 02 04 06 08 1 -1 -08-06-04-02 0 02 04 06 08 1 0
COSH e COST 1 coupsss
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PWA of 7= p — (37T) ™ Precoi: 6~ Wave

Intensity of 6~ +0" p7tH Wave compared to Deck-Model (green)
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PWA of 7= p — (37T) ™ Precoi: 1~ Spin-Exotic Wave

Intensity of 1~ +1" p7tP Wave compared to Deck-Model (green)
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PWA of 7= p — (37T) ™ Precoi: 1~ Spin-Exotic Wave

Relative Phases of 1~ "1+ p7rP Wave

T0p — TOTTTC (COMPASS 2008)
2"1* p(770) D - 1*1* p(770) TP

01135t <0.128 Gev/c? 0189 < t' < 0.220 GeV/c?
0.449 <t <0.724 Gev?/c?

TMp — TP (COMPASS 2008)
270" f,(1270) mS- 11" p(770) P

0.113 <t <0.128 GeV/c? 0189 < ' < 0.220 GeVZ/c?
0.449 <t < 0.724 GeV?/c?
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PWA of 7= p — (37T) ™ Precoi: 1~ Spin-Exotic Wave

Relative Phases of 1~ "1+ p7rP Wave

T0p — TOTCTCp (COMPASS 2008) T0p — TP (COMPASS 2008)
471 p(770) TG - 171" p(770) TP 171" p(770) TP - 170" £,(980) TP
0.113 < t' <0.128 Gev?/c? 0.189 < t' < 0.220 GeVZ/c? 0.113 <t <0.128 GeV/c? 0189 < ' < 0.220 GeVZ/c?
0.449 <t <0.724 Gev?/c? 0.449 <t < 0.724 GeV?/c?
8 150F 8 150;
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s the a,(1420) a Model Artifact?

- Bachelor
Theam X T
"
P Isobar T
-
Ptarget Precoil

@ PWA model
I(t;mx) = )Zwaves Twave (Mx) Awave(T; mx)

2
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s the a,(1420) a Model Artifact?

_ Bachelor
Theam X T
o
P Isobar T
e
ptarget Precoil

@ PWA model
I(T; mX) = )Zwaves Twave (mX) Awave (T; mX)

@ Decay amplitudes Awave(T)

2

9 X0
o Need precise knowledge of G sE COMPASS 2008
i : 3 Ty
isobar — 71" 7t~ amplitude = Y oso)  O1<E<TOGeVIE
.. < 3sE .
o Parametrization of [/ = 0"+ 2 & Preliminary
isobars difficult 5 £,(1270)
® [m7t]s-wave 20F
o f0(980) 15; £,(1500)
o f£,(1500) o
o Information from 7t elastic 3

0.5 1 L5

scattering is used
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s the a,(1420) a Model Artifact?

Novel analysis method (inspired by E791, PRD 73 (2006) 032204)

@ Replace J’C = 07 isobar parametrizations by piece-wise
constant amplitudes in m,;+ - bins

z 2
&2 y [7T7T]waave g IF

0.8 08[

0.6]- 0.6[ »

i £,(1500) ;o

04 04 H

02 o2l L

ol ‘ L oL i1, R R el

0.5 1 1.5 2 2.8 0.5 1 15 2 2.5

Myon0 (GCV/&:Z)‘ ) mn‘;“ (GeV/e?) COMEASS,
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s the a,(1420) a Model Artifact?

Novel analysis method (inspired by E791, PRD 73 (2006) 032204)

@ Replace J’C = 07 isobar parametrizations by piece-wise
constant amplitudes in m,;+ - bins

@ Extract m3, dependence of J’C = 07+ isobar amplitude from
data

@ Drastic reduction of model bias
o Caveat: significant increase in number of fit parameters

z z
&2 y [nn]sfwave g g
0.8 08[
0.6]- 0.6[ »
i £5(1500) 3
04 04 H
02 o2l -
ol ‘ . oL i1, R
0.5 I 1.5 7 2.8 0.5 1 15 2 25
M0 (GeV/e?) m_.. (GeV/c?)

COMEASS
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5

Mass of 7+ (GeV/c?)
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1800 S
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Extraction of [7777]s-wave

a p—a a'x’p COMPASS 2008

189 0[] ;n’ S

Mass of 7+ (GeV/c?)

13 14 15 16 17 18 19 2
Mass of 7" z*z~ (GeV/c?)

@ Strong correlation of 77(1800) with f,(980)
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Extraction of [7777]s.wave from Data: J’¢ = 0~ Wave

a p—a a'x’p COMPASS 2008

1800 S

0.20<t'<1.00 (GeV/c)?

Mass of 7+ (GeV/c?)
P

N

11 12 13 14 15 16 1.7 18 19 2
Mass of 7" z*z~ (GeV/c?)

@ Strong correlation of 77(1800) with f,(980)
@ Some signal for 77(1800) — f,(1500)7

Boris Grube, TU Miinchen
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f [7'57-(] S-wave

a p—a a'x’p COMPASS 2008

189 0[] ;n’ S

0.20<t'<1.00 (GeV/c)?

Mass of 7+ (GeV/c?)

13 14

1.5

16 17 18 19 2
Mass of 7" z*z~ (GeV/c?)

Intensity (A. U.)

2.

0.

10° 7 p- " p COMPASS 2008
'5:707 0[] ;n’ S ++
41-0.20=t'1.00 (GeV/c)*
[ 0.97sm_. <1.00 GeV/c? +
5 } +
E H
3 |
£ T +
i3 b
g + f
i3 ; +
5 :
i + + H
e +
L + j ++ +
5 BRSNS
b+
Coifttbeen e o Lo Lo bov Lo b L
qj 12 13 14 15 4 o7 4 J 2
Mass of the 7~ z*z~ System (GeV/c?)

@ Strong correlation of 77(1800) with f,(980)
@ Some signal for 77(1800) — f,(1500)7
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JP€ = 17+ Wave

7 p—x 7' p COMPASS 2008

15 16 17 18 19 2
Mass of 7" x*x~ (GeV/c?)

COMEASS
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Extraction of [7777]s.wave from Data: J°¢ = 17+ Wave

7 p—x 7' p COMPASS 2008

18T P

Mass of 7”7+ (GeV/c?)

12 13 14 15 16 17 18 19 2
Mass of 7" x*x~ (GeV/c?)

@ Correlation of 37 intensity around 1.4 GeV/c? with f,(980)

@ Confirms that a,(1420) signal is not an artifact of isobar
parametrization
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JPC = 1++ Wave

. 7 p—>ax*x"p COMPASS 2008 . x10% 7 p—a"x*x"p COMPASS 2008
g > F
$ 18T P El 1402 i P
< b
8 = 8¢ 0.20<1'1.00 (GeV/cy?
& 2 £ 0.97=m,. <1.00 GeV/c?
s g 7 Ht
5 - £
g o +
= £
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I
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£ 1 4t
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N N F B B DU T BT A
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Mass of 7" x*x~ (GeV/c?) Mass of the =" z*x~ System (GeV/c?)

@ Correlation of 37 intensity around 1.4 GeV/c? with f,(980)

@ Confirms that a,(1420) signal is not an artifact of isobar
parametrization
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Conclusions and Outlook

New method: extraction of [7777]s.wave @mplitude from data

@ Strong dependence on mother wave and 3,
@ Confirms coupling of a,(1420) to £,(980) 7
@ Future:

e Apply method to [t7t] P-, D-, F-, ... waves
e Bootstrapping: put extracted isobar amplitudes back into fit
o Parametrization of [777T]g_yave amplitude as function of 3,

@ Extraction of isobar resonance parameters

Boris Grube, TU Miinchen Hadron Spectroscopy at



Partial-Wave Analysis Formalism

Parametrization of Mass-Dependence of Spin-Density Matrix

Ansatz: pf; (mx, t') = Zlank T/ €(mx,t') Tre* (mx, t")

resonances

Tre(m 2 CE, () Ax(mx; Ci) \//dcbn ) | AS (T3 my) |2

phase space for wave i

Dynamic amplitudes Ay (mx; {})

v

CUMW
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Partial-Wave Analysis Formalism

Parametrization of Mass-Dependence of Spin-Density Matrix

rank

Ansatz: pf;(mx, t') = Y o) Tre(mx, t) T e (mx, t')

resonances

T ) =5 Coalt) A 4 (2) 145 o)

phase space for wave i

Dynamic amplitudes Ay (mx; {})

@ Resonance line shapes
o Typically relativistic Breit-Wigner with mass-dependent width

mo FO
AEW(mX;mOIFO) = 2 A
m§ — m5 — 1 mg ot (1)

d d m F,
Tot(mx) = Zvecays L(my) = Zvecays Toy mf?{ :TV 7FLLV((¢;{Z)V ))
v Fr, (o

v

coM;As.g
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Partial-Wave Analysis Formalism

Parametrization of Mass-Dependence of Spin-Density Matrix

rank

Ansatz: pf;(mx, t') = Y o) Tre(mx, t) T e (mx, t')

resonances

T ) =5 Coalt) A 4 (2) 145 o)

phase space for wave i

Dynamic amplitudes Ay (mx; {})

@ Resonance line shapes
o Typically relativistic Breit-Wigner with mass-dependent width

BW . = o Lo
A (mx; mp, Iy) = m%_m%(—ﬁmortot(mX)
) d m FLV
Tot(mx) = Zvecays I(mx) = Zvecays Toy ?1173( :TV ﬁqq(;))
A% v v

@ Non-resonant coherent background contributions

e Typically exponentially damped phase space:
ABS (mx; ar) = e~

v

coM;As.g
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Partial-Wave Analysis Formalism

Parametrization of Mass-Dependence of Spin-Density Matrix

rank

Ansatz: pf;(mx, t') = Y o Tré(mx, t) Tr e (mx, t')

resonances

(i) = 30 Coalt) (i) | fan(2) 45

k;

phase space for wave i

Model parameters determined by x? fit to pfj(mx)

Free parameters:

@ Complex amplitudes C; ;
@ Resonance or background parameters in Ay (1mx)

COMEASS
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	Main Talk
	Introduction
	QCD and the constituent quark model
	Beyond the constituent quark model

	How to measure meson spectra?
	Meson production in diffractive dissociation
	Partial-wave analysis method

	Selected results
	Partial-wave decomposition of the (3)- final state
	Resonance extraction in the -+- system

	Conclusions and outlook

	Appendix
	Backup slides
	Partial-wave analysis method
	Partial-wave decomposition of (3)- final states
	Extraction of []S-wave amplitude from -+- system
	Mass-dependent fit



