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Introduction



The Nucleon Axial Coupling

• Free neutron lifetime


• Nuclear β decay


• Nuclear force
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The Nucleon Axial Coupling

N N

π

gA

gAt

• Essential in modern 
nuclear interactions and 
chiral EFT forces


• Appears in all meson 
exchange models


• Notably, the pioneering 
Bonn Potential
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The Nucleon Axial Coupling
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The Nucleon Axial Coupling
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Lucy Reading-Ikkanda/Quanta Magazine - Neutron Lifetime Puzzle Deepens, but No Dark Matter Seen



Simple Problems Remain Outstanding

BOTTLE and BEAM
methods of measuring the neutron lifetime disagree at the 99% level

1+gA

⌧n =
(5172.0± 1.1)seconds

1 + 3gA2
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Can we calculate gA?

Bottle and Beam: Daniel Savage for Quanta Magazine



Applications

Big Bang 
Nucleosynthesis

New Physics 
Searches

Astrophysics 

PSR B1509-58 
NASA Chandra + WISE

V–A



Lattice QCD



Introduction to LQCD
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Introduction to LQCD
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Introduction to LQCD
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D is a sparse matrix 
U-dependent 
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(483×64×3×4)=127 401 984



LQCD Systematics

infinite volume limitphysical quark masses

continuum limit
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A long-outstanding problem for LQCD
S. Collins, LATTICE2016 plenary



MILC Ensembles
MILC Collaboration Phys. Rev. D87 (2013) 054505
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MDWF pion mass tuned to taste-5 HISQ 
pion mass within 1-2% - ensuring the 
unitary limit is recovered in the continuum

+ additional HISQ ensembles  generated at LLNL

Free to use; large statistics available 
Capable of controlling all systematics 
We use domain wall valence on the HISQ sea, 

!(a2) errors [ 1701.07559 ].
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LQCD Systematics

infinite volume limitphysical quark masses

continuum limit

method, fitting, and analysis



New Methods

New Analytic Tools Computationally 
Affordable

Improved 
Systematics



2-Point Standard Method
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Effective Mass

2

element we are interested in, summed over all time in-
sertions. For 0 < t0 < t, this is in fact the quantity
R(t) defined in the summation method summed over all

time insertions and the other time regions will contribute
systematic contaminations.

Z
dt0h⌦|T{O(t)J(t0)O†(0)}|⌦i =

Z 1

t
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+

Z
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�1
dt0h⌦|O(t)O†(0)J(t0)|⌦i (7)

The FHT relates matrix elements to derivatives of the
spectrum. The e↵ective mass is a derived quantity which
asymptotes to the ground state mass in the long Eu-
clidean time limit,

meff (t, ⌧) =
1

⌧
ln

✓
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◆
�!
t!1

1

⌧
ln(eE0⌧ ) (8)

Consider the derivative of the e↵ective mass in the pres-
ence of the external current
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From Eq. (6), we observe the term proportional to the
vacuum matrix element exactly cancels in the di↵erence
in Eq. (9) even for scalar currents, leaving us with terms
only proportional to the matrix elements of interest
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Relation to other methods:
derivative of e↵ective mass
Implementation:
Systematics:

An application: the nucleon axial charge:

Conclusions:

⇤ bedaque@umd.edu
† cmbouchard@wm.edu
‡ kostas@wm.edu
§ awalker-loud@lbl.gov
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Matrix Elements

Widely separate  
sink, current insertion, and source
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��⌦
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3-Point Standard Method



3-Point Standard Method



3-Point Standard Method

Two solves: one time separation but all bilinears



Standard Method
13
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-

PNDME Phys. Rev. D94 (2016) arXiv:1606.07049

tmin

tmax

τ



Feynman-Hellmann Method
Bouchard, Chang, Kurth, Orginos, and Walker-Loud  arXiv:1612.06963
See also Maiani, Martinelli, Paciello and Taglienti Nucl. Phys. B293 (1987)
NPLQCD 1610.04545, 1611.00344, 1701.03456, 1702.02929

similar methods (other FH / GEVP): 
J. Bulava et. al. JHEP 01,140 (2012) 
F. Bernardoni et. al. Phys. Lett. B740, 278-284 (2015) 
A.J. Chambers et. al. Phys. Rev. D 90, 014510 
A.J. Chambers et. al. Phys. Rev. D 92, 114517 
M.J. Savage et. al. Phys. Rev. Lett. 119, 062002 
similar fit function: 
S. Capitani et. al. Phys. Rev. D 86, 074502 
propagator construction: 
L. Maiani et. al. Nucl. Phys. B293 (1987) 
G.M. de Divitiis et. al. Phys. Lett. B718 (2012))
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Feynman-Hellmann Method
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sum all spacetime



Feynman-Hellman Method

tmin

Bouchard, Chang, Kurth, Orginos, and Walker-Loud  arXiv:1612.06963

Σy,t
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similar methods (other FH / GEVP): 
J. Bulava et. al. JHEP 01,140 (2012) 
F. Bernardoni et. al. Phys. Lett. B740, 278-284 (2015) 
A.J. Chambers et. al. Phys. Rev. D 90, 014510 
A.J. Chambers et. al. Phys. Rev. D 92, 114517 
M.J. Savage et. al. Phys. Rev. Lett. 119, 062002 
similar fit function: 
S. Capitani et. al. Phys. Rev. D 86, 074502 
propagator construction: 
L. Maiani et. al. Nucl. Phys. B293 (1987) 
G.M. de Divitiis et. al. Phys. Lett. B718 (2012))

Two solves: all time separations but one bilinear



Example Effective Matrix Element
arXiv:1704.01114
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-

PNDME Phys. Rev. D94 (2016) arXiv:1606.07049
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• Not QCD Specific 
• Any fermion 

bilinear matrix 
element

• 3-point → 2-point 
function: easier 
fits 

• Known spectral 
decomposition

• Stochastic 
enhancement 

• 3/2 the cost of 
one temporal 
separation
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Results

Data + jupyter notebook 
available on GitHub 

https://github.com/callat-qcd/project_gA
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Another example point
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Systematics:  mπ
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Systematics:  infinite volume, continuum
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Model Average
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gA = 1.2711(103)s(39)χ(15)a(19)v(04)"(55)M

statistical 0.81%
chiral 0.30%

continuum 0.12%
infinite volume 0.15%

isospin breaking 0.03%
model selection 0.43%

total (added in quadrature) 0.98%

Final uncertainty is dominated by 
statistics, model selection, and 
chiral extrapolation.   

Better control over the mπ ~130 
MeV points will improve all three.
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Comparison with previous LQCD results
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Searches for violations of V–A
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n̄n Oscillations

n

n̄

Rinaldi, Syritsyn, Wagman, Buchoff, Schroeder, and Wasem 1809.00246

Physical point, continuum, infinite volume

enhancement 
means experiments 
have greater reach
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gA Quenching
NPLQCD PRL 120 (2018) 15 152002 arXiv:1712.03221
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Other Bilinear Matrix Elements

rE rA νe 
conversion

Form Factors 
Radii 
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all x, t

See also Maiani, Martinelli, Paciello and Taglienti Nucl. Phys. B293 (1987)
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Comparison with the summation method

π
Summation method doesn’t have  

this contamination

FH method requires new solves 
to study different insertions 

X
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The Ruler still rules:  mN(mπ) ≈ 800 MeV + mπ
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fK/fπ
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FK/Fπ smearing study (mπ = 135 MeV)
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Smearing Study

0 2 4 6 8 10

t

0.75

0.80

0.85

0.90

0.95

1.00

1.05

1.10

m
ef

f
N

(t
)

a15m310

tgf = 0.2

tgf = 0.4

tgf = 0.6

tgf = 0.8

tgf = 1.0

4 6 8 10 12 14 16 18

t

0.18

0.20

0.22

0.24

0.26

0.28

0.30

0.32

m
ef

f
⇡

(t
)

a15m310

tgf = 0.2

tgf = 0.4

tgf = 0.6

tgf = 0.8

tgf = 1.0

0.0 0.2 0.4 0.6 0.8 1.0

tgf

0.86

0.88

0.90

0.92

0.94

0.96

0.98

1.00

Z
A

m⇡ ⇠ 310 MeV

a ⇠ 0.09 fm
a ⇠ 0.12 fm
a ⇠ 0.15 fm

0.0 0.2 0.4 0.6 0.8

(a/w0)2
9.5

10.0

10.5

11.0

11.5

12.0

12.5

m
N
/F

⇡

m⇡ ⇠ 310 MeV

tgf = 1.0

tgf = 0.8

tgf = 0.6

tgf = 0.4

tgf = 0.2



Nonperturbative Renormalization
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What does this have to do with Feynman-Hellmann?
Bouchard, Chang, Kurt, Orginos, Walker-Loud  arXiv:1612.06963
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